We develop a general Ginzburg-Landau theory which describes the effect of a Zeeman field on the superconducting order parameter in triplet superconductors. Starting from Ginzburg-Landau theories that describe fully gapped time-reversal symmetric triplet superconductors, we show that the Zeeman field has dramatic effects on the topological properties of the superconductors. In particular, in the vicinity of a critical chemical potential separating two topologically distinct phases, it is possible to induce a phase transition to a topologically nontrivial phase which supports chiral edge modes. Moreover, for specific directions of the Zeeman field, we obtain nodal superconducting phases with an emerging chiral symmetry, and with Majorana flat bands at the edge. The GinzburgLandau theory is microscopically supported by a self-consistent mean-field theory of the doped Kitaev-Heisenberg model.
I. INTRODUCTION
Topological materials are characterised by the existence of protected gapless surface states and an insulating bulk. The importance of topological protection in condenced matter systems was originally realized in quantum Hall systems 1,2 and superfluid helium 3 , but recently a number of other materials: topological insulators, superconductors and spin liquids, have become available for theoretical and experimental research [4] [5] [6] [7] [8] .
Topological superconductors are particularly appealing materials as they support non-Abelian quasiparticles: Majorana zero modes . In addition to the fundamental interest arising from a new type of non-Abelian quantum statistics [12] [13] [14] , Majorana zero modes offer a promise for fault tolerant quantum computation [40] [41] [42] [43] : Pairs of well separated Majoranas can be used to store quantum information non-locally (protecting the qubits from decoherence), the non-Abelian exchange statistics allows to perform certain quantum gates with exponentially small errors and the joint multi-qubit measurements can be implemented directly by measuring the total fermion parity of a selection of Majorana zero modes.
In this Article, we concentrate on fully gapped triplet superconductors which are intrinsically twodimensional time-reversal symmetric topological superconductors 28, [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . We stress that this class of triplet superconductors is very important from the practical perspective, because they are favored by the weak-coupling p-wave pairing theory 44 , and therefore one expects them to occupy significant portions of the phase-diagrams of the triplet superconductors. This expectation is strengthened by recent self-consistent mean-field calculations for doped Mott insulators 28, 30 , which are described by Kitaev-Heisenberg model 45, 46 . This type of two-dimensional helical p-wave superconducting phase can also appear in Sr 2 RuO 4 interfaces 38 or in BC 3 39 . Moreover, these superconductors can be considered as two-dimensional analogs of the B phase of superfluid helium 44 , so that our theory is applicable to the planar phase of 3 He, which can become stable in thin films 47 . Fully gapped time-reversal invariant triplet superconductors are described by a vector order parameter
which is a linear combination of basis vectors d i (k). These basis vectors are degenerate solutions of the linearized gap equations 48 , which describe the superconducting order parameter in the vicinity of the critical temperature. Therefore, there is necessarily a low-energy degree of freedom related to the coefficients η i , which makes the order parameter d(k) more sensitive to external perturbations. Because d(k) describes the spin structure of the Cooper pairs, a particularly important perturbation is a Zeeman field. From a practical perspective, the Zeeman field can be an externally applied magnetic field, an induced ferromagnetic order parameter, or it can appear due to the coexistence of superconductivity and ferromagnetic order. In the presence of ferromagnetic order, the direction of the Zeeman field can at least partially be controlled with a weak external magnetic field. Possible materials where superconductivity and ferromagnetic order coexist have attracted significant interest [49] [50] [51] [52] . In particular, there is a demand for a theory of the effect of a Zeeman field on superconducting order because of the recent exciting observations of coexistent ferromagnetic and superconducting order in two-dimensional LAO/STO interfaces 49, 50 . In this Article, we study self-consistently the effect of a Zeeman field b on triplet superconductors. We concentrate on a rather generic situation, where the basis vectors are perpendicular to each other
and f i (k) are real functions, which describe the momentum dependence of a p-wave order parameter. In this case, we can understand the effect of a Zeeman field on the relative energetics of the order parameters by recalling that the electron spins in the condensate are confined to a plane perpendicular to the d-vector. Thus, a Zeeman field pointing in the directionê i will try to confine the electron spins in a direction different from that preferred by the order parameter basis function d i , and therefore it will energetically disfavour this basis function relative to the other ones. This qualitative insight can be encoded in a contribution to the free energy ∝ b · d(k) b · d(k) * , which needs to be integrated over the Brillouin zone with a weight function. Such a contribution to the free energy is also obtained by using the expression for the spin susceptibility of a triplet superconductor 44 to derive the contribution to the free energy quadratic in the Zeeman field. Assuming that the integrated basis functions f i (k)f j (k) satisfy a permutation symmetry, we expect that the free energy of the superconductor contains an anisotropic mass term of the form
where D A 2 and D B 2 are constants. Depending on the physical realization of the fully gapped time-reversal symmetric triplet superconductor, we distinguish two qualitatively different situations, which are characterized by the number of independent basis vectors and corresponding pairing wave functions. For the wave functions f i (k) we can define a scalar product f i |f j by integrating them around the Fermi surface with a weight functions [see the last line in Eq. (13)], and in this way define the concept of orthogonality between them. In the case of large doping, the Fermi surface can be approximated to be circular around the Γ-point, and a continuous rotational symmetry emerges from the discrete lattice symmetry. Since p-wave pairing corresponds to a total angular momentum L = 1, there are three basis wave functions with quantum numbers l z = −1, 0, 1 available. Denoting the polar angle of the momentum k by ϕ, for a two-dimensional superconductor only the two functions e ±iϕ with angluar momentum l z = ±1 correspond to motion in the x-y-plane. Hence, there can be only two orthogonal pairing wave functions f i (k) for a two dimensional superconductor. On the other hand, for the case of three basis vectors d i (k), the pairing wave functions cannot be all orthogonal to each other.
The case of two independent basis vectors is relatively easy to understand, and will be discussed first. As discussed above, the basis functions f i (k) can be orthogonal to each other, so that the coefficient D B 2 = 0, and the effect of Zeeman field is just described by D
. Thus, the Zeeman field generically tries to make the superconductor anisotropic, while at the same time the superconductor remains fully gapped for reasonably small Zeeman fields. The only exceptions are gap closings which may occur in the high-symmetry points of the Brillouin zone Γ and M i , where the order parameter always vanishes. The gap closings occurring in these points result in topological phase-transitions, where the Chern number describing the number of edge modes changes. This type of phase transitions were discussed earlier in Ref. 35 without taking into account the selfconsistent changes in the superconducting order parameter. We find that a possible anisotropy of the order parameter is not important for these transitions, and therefore it is possible tune the superconductor from a helical to a chiral phase also when the self-consistent changes are taken into account.
On the other hand, when the Zeeman energy becomes comparable to the superconducting gap, the nature of the superconducting phase depends on the strength and direction of the Zeeman field. Recently, without considering self-consistent changes in the order parameter, it was proposed that a Zeeman field in the (x, y)-plane could induce a transition from a fully gapped helical pwave superconductor to a gapless phase with Majorana flat bands 53 . The existence of this transition is tightly connected to the presence of a chiral symmetry, which is always guaranteed in a time-reversal symmetric situation. However, with a time-reversal breaking external Zeeman field, a chiral symmetry is only present for specific relative directions of order parameter vector and Zeeman field. In the case of a two-component triplet superconductor, it is possible to show that a chiral symmetry exists for all Zeeman fields in the (x, y)-plane 53 . The importance of the chiral symmetry is twofold here. First, the chiral symmetry guarantees that the superconductor becomes gapless when the magnitude of the Zeeman field is larger than the superconducting gap. Secondly, it allows the definition of a lower dimensional topological invariant, which describes the number of Majorana flat bands on the edge of the sample in a momentum space region corresponding to the interval in between the projections of the bulk nodal points on the edge. Such flat bands 54 are known to exist in graphene 55, 56 and intrinsic nodal superconductors [57] [58] [59] [60] [61] [62] [63] [64] .
We find that the topological phase transition from a fully gapped helical p-wave superconductor to a gapless phase with Majorana flat bands survives also when the self-consistent changes in the order parameter are taken into account. For generic Zeeman field directions in the (x, y)-plane, the flat bands are qualitatively similar to the ones discussed in Ref. 53 , and within a weak coupling theory of superconductivity, the flat bands appear only in a tiny interval of momentum around the Fermi momentum k F . On the other hand, a dramatic change occurs once the Zeeman field is applied along one of the symmetry axis, say along the x-axis, and when it is strong enough so that η 1 becomes zero. Then, an even number of flat bands appears over a wide range of momenta connecting −k F to k F , and these flat bands are absent if the self-consistent changes in the order parameter are neglected. The difference with respect to the previous case 53 is the emergence of a new type of chiral symmetry. Furthermore, this second type of chiral symmetry guarantees the existence of flat bands also when the Zeeman field is in the (x, z)-plane. Thus, the self-consistent changes in the order parameter considerably widen the parameter space for observing the Majorana flat bands.
If one has three independent basis vectors in Eq. (1), the allowed parameter space for the order parameter is significantly expanded, resulting in a richer dependence of the order parameter on the Zeeman field. In particular, in 2D systems necessarily D B 2 = 0. Based on the expression (3), we expect that a Zeeman field with three nonzero components b i of comparable magnitude will choose an optimal direction of the order parameter in (η 1 , η 2 , η 3 )-space, so that all the components η i will remain nonzero also in the presence of Zeeman field, until the Zeeman field reaches a critical value at which the superconductivity vanishes. In this case, one might expect that the superconductor is generically fully gapped and this expectation is supported by numerical evidence for the Kitaev-Heisenberg model discussed below. The only exceptions are the specific values of the Zeeman field where topological phase transitions take place due to a change in the Chern number. For the Kitaev-Heisenberg model, we find that this way it is possible to induce a topological phase-transition to a time-reversal broken superconducting phase that supports unpaired Majorana zero modes at the edges and within vortices, and that this phase exists for a wide range of directions and strength of the Zeeman field.
If only two components of the Zeeman field are nonzero, say b 1 and b 3 , then η 1 and η 3 have an enhanced mass in the free energy, so that by increasing the Zeeman field one can reach a situation where η 1 = η 3 = 0, and only η 2 is nonzero. In this case, the superconductor is necessarily nodal due to the p-wave nature of the basis functions, and it satisfies the same emergent chiral symmetry which is found in the two-component triplet superconductor. Going further, one can consider a situation in which only one component of the Zeeman field is nonzero, say b 3 . Then, η 3 is suppressed relative to the other two components, and one can reach a situation where η 3 = 0 and the other two components, η 1 and η 2 , are nonzero. Furthermore, equation (3) does not specify the phase difference between η 1 and η 2 in this situation. However, because the system tries to align the Cooper pair spin along the axis of the Zeeman field, the free energy also contains a term
* , which needs to be integrated over the Brillouin zone with a suitable weight function. This term is typically very small, because the contributions with ±ξ approximately cancel each other around the Fermi surface, but for sufficiently strong Zeeman fields this term still locks the phase difference between η 1 and η 2 in such a way that a nodal phase with a chiral symmetry appears. Putting everything together, we can discuss all in-plane directions in a common framework, in which however the critical field b c,ch for the appearance of the nodal superconducting phase with chiral symmetry depends on the direction of the Zeeman field. Similarlarly to our previous discussion, we find Majorana flat bands at the edge of the system, but we stress that here they always originate from selfconsistent changes in the superconducting order parameter, and they are absent if these changes are not taken into account. Thus their physical origin is very different from the flat bands discussed in Ref. 53 .
The structure of the paper is as follows. In section II, we describe the general Ginzburg-Landau free energy expansion of a spin-triplet superconductor in a Zeeman field. In section III, we apply this formalism to describe the phase diagram of a simplest type of fully gapped time-reversal symmetric triplet superconductor, which is described by two independent basis vectors. Then, in section IV we introduce the more general situation, where the triplet superconductor is described by three independent basis vectors. To elucidate such kind of superconductor, we consider the so-called Kitaev-Heisenberg model, which can be considered as a paradigmatic model that describes a large variety of different topological phases. In section V, we explicitly obtain the various spin-triplet superconducting phases which can be accessed by varying the Zeeman orientation and strength. Finally, in section VI we make some concluding remarks.
II. GENERAL GINZBURG-LANDAU THEORY
We consider a spin-triplet superconductor in a external Zeeman-field. The mean-field Bogoliubov-de Gennes Hamiltonian describing the quasiparticles is
where
is the kinetic term, b is the Zeeman field,
is the superconducting order parameter, d is a three component vector, σ i are the Pauli spin matrices, and we have assumed inversion symmetry such that ξ(−k) = ξ(k).
We have neglected the singlet order parameter entirely, as we are working in the regime where the triplet order parameter is energetically favoured. The free energy for the Bogoliubov quasiparticles can be written as (7) where β is the inverse temperature and the positive quasiparticle energies E ± can be compactly expressed as
Here,
and
To describe the effects of a Zeeman field on the superconducting order parameter, we expand the free energy close to the critical temperature β ≈ β c in the limit β|b| 1 and β|d| 1. We obtain
In addition to the free energy of the Bogoliubov quasiparticles F qp (k), the total free energy also contains a quadratic term in the order parameter d(k), which appears when one decouples the interaction terms using the mean field approximation. This term is independent of the Zeeman field, and determines the degenerate solutions of the linearized gap equations. We now express the order parameter as a linear combination of the basis vectors d i according to Eq. (1). By substituting this order parameter into Eqs. (11), we obtain an expression for the Ginzburg-Landau free energy per unit cell, given by
where the coefficients are given by
and c 1 (|ξ|, |b| 2 ) and c 2 (|ξ|) are described in Eq. (11) . Here, N is the number of unit cells, and we have included the term F I = N t I |η i | 2 arising from the decoupling of the interaction term. Alternatively, the structure of the free energy in Eq. (12) can be obtained via symmetry arguments.
III. EFFECT OF ZEEMAN FIELD ON A TIME-REVERSAL SYMMETRIC HELICAL p-WAVE SUPERCONDUCTOR WITH TWO BASIS VECTORS
We start by considering a simple model for a fully gapped time-reversal symmetric p-wave superconductor, which is described by a tight-binding Hamiltonian on the square lattice, where the basis vectors corresponding to the largest critical temperature are
and the single particle dispersion is
with t denoting the nearest neighbor hopping. This model is equivalent to the models studied in Refs. 35 and 53, and therefore allows us to determine how the self-consistent changes in the superconducting order parameter affect the topological phase transitions predicted there. The Ginzburg-Landau theory for the order param-
= 0 due to symmetries. The other parameters are nonzero and can be evaluated from the expressions (13) . We find that κ B > 0, which guarantees that η 1 and η 2 can always be chosen to be real. Moreover, we numerically find that κ A ≈ κ B , and to simplify expressions in what follows, we neglect the small differences between these parameters. Finally, it is useful to measure the Zeeman field and the order parameter relative to a characteristic magnitude of the superconducting order parameter, which we define as η
Taking these results into account, the relevant part of the free-energy is
In the absence of a Zeeman field, the minimization of the free-energy gives (η 1 , η 2 ) = η 0 (1, ±1). The Zeeman field makes the superconductor anisotropic, so that in the presence of small Zeeman fields the order parameter becomes
If one of the magnetic field components is sufficiently strong, say b 1 , then η 1 becomes zero at the critical magnetic field
and for larger Zeeman fields the order parameter is given by
Numerically, we find that 3κ A /D A 2 ∼ 1, which means that the critical field at which one of the components of the order parameter vanishes is on the order of η 0 . We note that although b 3 does not explicitly appear in the equations above, it still influences the order parameter, because the parameter η 0 depends on |b|.
We now consider the case studied in Ref. 53 , where the Zeeman field is in the (x,y)-plane. In this case, it was found 53 that the Hamiltonian satisfies a nontrivial chiral symmetry
The chiral symmetry allows to rewrite the Hamiltonian in a block-off-diagonal form
where in this case
Furthermore, it is easy to see from Eq. (22) that the quasiparticle spectrum has nodes if the equations
are simultaneously satisfied. Since the relative magnitude of the two d-vector components changes as a function of momentum direction,
, the second equation is always satisfied for specific directions in momentum space. In particular, there exists a momentum k 0 at the Fermi surface
. This momentum k 0 defines the smallest Zeeman field b c,ch for which the first condition can be satisfied. For larger Zeeman fields
both conditions can be satisfied simultaneously due to the fact that there is actually a one-parameter family of vectors k which satisfies Eq. (24b) but has a nonzero ξ(k). Therefore, for a sufficiently strong Zeeman field in the (x, y)-plane, |b| > b c,ch ∼ η 0 , we expect a nodal phase with a chiral symmetry. This phase exists even if the order parameter is not calculated self-consistently as found in Ref. 53 , and the anisotropy of the order parameter affects b c,ch only quantitatively. The importance of a self-consistent computation of the order parameter becomes apparent when one considers a Zeeman field in the (x, z)-plane. Then, the chiral symmetry defined above no longer exists. However, a new type of chiral symmetry
emerges when b 1 is sufficiently large so that η 1 = 0. The Hamiltonian can be written in a block-off-diagonal form, similarly as in Eq. (22), where now
Now ∆(0, k y ) = 0 for all k y , and therefore nodes appear in the quasiparticle spectrum at ξ(0, k y ) = ±|b|. Although the mechanism giving rise to a nodal phase with chiral symmetry is now different, the critical field is on same order of magnitude
Now that we have discussed the behavior of the order parameter in a Zeeman field, we are ready to discuss the different topological phases as a function of the Zeeman field magnitude and the orientation.
A. Time-reversal broken topological superconductivity
We start by reviewing the various fully gapped topological phases of the model, which were already discussed in Ref. 35 . Below, we show that the existence of these phases does not depend on the isotropy of the order parameter, and thus there are no qualitative changes due to the self-consistent computation of the order parameter in the presence of a Zeeman field.
In order to understand where phase transitions between topologically distinct fully gapped phases can take place, we first note that in addition to our earlier considerations the energy gap can also close at the high symmetry points in the Brillouin zone. The conditions for these gap closings are
and the possible high-symmetry points K i are Γ = (0, 0),
The nature of these gap closing is very different from the gap closings discussed before, because here the energy gap closes only at a specific value of the Zeeman field, and after it reopens the topological invariant describing the number of the protected edge modes has changed. To describe these phase-transitions, we can for simplicity assume that the Zeeman field points in the zdirection, so that the fermions with different spins are completely decoupled, corresponding to an additional symmetry [H, U s ] = 0, where U s = σ 0 ⊗ σ 3 . Then, the Hamiltonian can be written as
The block diagonal form of the Hamiltonian obtained this way is useful for understanding all the different topological phases, although it is not necessary for the existence of the strong topological invariants discussed below. The different topological phases can now be found by computing the Chern number for each spin-block
(30) In the time-reversal broken case, the strong Z topological invariant is given by the total Chern number C ≡ C ↑ +C ↓ . For time-reversal invariant superconductors, the total Chern number C ≡ C ↑ + C ↓ = 0, and the Z 2 invariant ν is determined by the parity of C ↑ 65 . In addition to these strong topological indices, one can define two U ssymmetry-protected Z topological invariants C ↑ and C ↓ . These invariants are "weaker" than the strong topological indices discussed above, and guarantee the existence of edge modes only in the presence of the symmetry U s .
The most interesting topological phase transitions occur at carrier densities for which the conditions (28) are satisfied at the M 1 and M 2 points. While |d(K i )| = 0 is automatically satisfied at these points, the second condition requires that µ = ±|b|. We find that C ↑ = 1 for µ < |b| and C ↑ = −1 for µ > |b|, whereas C ↓ = −1 for µ < −|b| and C ↓ = 1 for µ > −|b|. This way, we arrive at the phase-diagram shown in Fig. 1 . Most importantly, by choosing the chemical potential in the vicinity of the topological phase transition µ = 0, the Zeeman splitting effectively pushes the chemical potential of one spin species into the electron doped regime, and the other into the hole doped regime, so that C = 2 (region IV). Once C = 0, the block diagonal form of the Hamiltonian is no longer essential, and the edge modes are robust against perturbations which couple the spin blocks. Thus, this topologically nontrivial phase which supports two topologically protected chiral Majorana edge modes, exists for a wide range of magnitudes and directions of the Zeeman field. Additionally, the phase diagram in Fig. 1 contains a time-reversal invariant topologically nontrivial phase at |b| = 0 (region I), which supports counterpropagating edge modes that are protected by the time-reversal symmetry. For completeness, we have also included there the U s -symmetry protected topological phases (regions II and III), which are distinguished by topological numbers C ↑ and C ↓ if the Zeeman field points along z-axis.
Topological phase transitions can also be found near the Γ (µ = −4t ± |b|) and M 3 (µ = 4t ± |b|) points 35 . However, these phase transitions take place close to the band edges, and therefore one expects that the critical temperature for the superconductivity and the magnitude of the superconducting order parameter η 0 are much smaller. Thus, these transitions are less interesting from an experimental point of view. 
B. Majorana flat bands
It turns out that the nodal superconducting phases with a chiral symmetry (|b| > b c,ch ) can support Majorana flat bands. To understand these flat bands, we consider a translationally invariant system in one direction, say the x-direction. This means that k x is a good quantum number, and that for each value of k x we have a one-dimensional Hamiltonian H kx (k y ) which depends only on k y . These one-dimensional Hamiltonians H kx (k y ) are gapped whenever there are no nodes for any value of k y , and thus one-dimensional topological invariants are well-defined. Suppose there are two nodal points across the two-dimensional Brillouin zone, at k x , for instance, the one-dimensional Hamiltonian H k x (k y ) yields a non-trivial topological number, the same topological number must occur for all k x across the entire interval (k 1 x , k 2 x ), because these topological numbers can change only when the energy gap closes at nodal points. Because nontrivial topological number gives rise to a zero-energy edge state, then each of these onedimensional Hamiltonians supports a zero energy edge state. The collection of these edge states between the two nodal Hamiltonians then naturally leads to topological Majorana flat bands.
To be more specific, by using the block-off-diagonal form of the Hamiltonian, Eq. (22), we can define Ztopological invariants (winding numbers) 53,66,67
where the integration is over the one-dimensional Bril- louin zone and
The topological invariant W i x (k y ) describes the number of Majorana flat bands in a system with periodic boundary conditions in y-direction and open boundary conditions in x-direction, whereas W i y (k x ) describes the number of Majorana flat bands when the boundary conditions for xand y-directions are exchanged. Here, the index i labels the possible chiral symmetries S i [Eqs. (21) and (26)] and the corresponding matrices A i [Eqs. (23) and (27)].
The topological invariant and flat bands are illustrated in Figs. 2, 3 and 4 for several different Zeeman field directions. In order to compute the self-consistent changes in the order parameter, we assume that 3κ A /D A 2 = 1, which is close to the numerical value obtained from the expressions Eq. (13) . Additionally, we choose η 0 = 0.05t and µ = −3t for all numerical results. Fig. 2 illustrates the situation for a generic Zeeman field direction in the (x, y)-plane such that both b 1 , b 2 = 0. Then, the relevant chiral symmetry is S 1 , and a possible anisotropy of the order parameter is not important, so that qualitatively similar results are obtained both for self-consistently and non-self-consistently calculated order parameters. Thus, the results are in good agreement with the predictions of Ref. 53 , and Majorana flat bands appear between the nodes corresponding to the different spin bands around k = k F . Because the magnitude of the Zeeman field cannot be much larger than η 0 (|b| = 0) without destroying the superconductivity, the interval of the flat bands in the momentum space has a maximum size ∆k Fig. 2 (b) ]. Here, k F and E F are the Fermi wave vector and Fermi energy (with respect to the band bottom), correspondingly. Thus, in weak coupling theories of superconductivity (η 0 (|b| = 0) E F ), ∆k is always quite small as compared to k F .
Self-consistent changes in the order parameter have dramatic effects once the second type of chiral symmetry S 2 emerges, as demonstrated in Figs. 3 and 4. Fig. 3 shows the Majorana flat bands for a sufficiently strong Zeeman field along (1, 0, 0) direction such that η 1 = 0 and the chiral symmetry S 2 is satisfied. As can be seen in Fig. 3(b) the flat bands now exist in the whole interval of k y from −k F to k F . We stress that this result cannot be explained with the model used in Ref. 53 . In contrast, if the self-consistent changes in the order parameter are not taken into account, S 2 is not valid, and the chiral symmetry S 1 gives rise to a flat band only in the small interval ∆k Fig. 3(d) ]. We also point out that the flat bands remain unaffected if the Zeeman field is rotated away from the (1, 0, 0) direction in the (x, z)-plane and the order parameter is calculated self-consistently [ Fig. 4 (a), (b) ]. On the other hand, if the self-consistent changes in the order parameter are neglected, the z-component of the Zeeman field breaks the chiral symmetry S 1 and therefore the flat bands completely disappear [ Fig. 4 (c), (d) ].
The existence of flat bands can be easily generalized to cases where the translationally invariant direction is not along x-or y-direction by projecting the nodes inside the Brillouin zone onto a line directed along the translationally invariant direction. Namely, the flat bands always appear between two nodes and the topological invariant remains the same as long as the effective onedimensional Hamiltonians can be continuously deformed into each other without closing a gap.
IV. TOPOLOGICAL PHASES OF THE KITAEV-HEISENBERG MODEL
Next, we consider the situation where the triplet order parameter is a linear combination of three independent basis vectors. To elucidate such kind of superconductor, we consider the so-called Kitaev-Heisenberg model, which can be considered as a paradigmatic model that describes a large number of topological phases.
We consider a honeycomb lattice with three inequivalent nearest neighbor bonds referred to as γ = x, y, z [68] . The undoped Kitaev-Heisenberg model in a Zeeman field is described by the Hamiltonian
The first term in the Hamiltonian (33) is called Kitaev interaction 6 , and it describes an Ising-like coupling between the γ components of spins
at each bond in the γ-direction. The second term describes an isotropic Heisenberg interaction with interaction strength J H . Because at half-filling the system can be viewed as a Mott insulator, the doping effects can be taken into account by introducing a kinetic term
with the double occupancy prohibited similarly as in the t-J model for high-T c cuprates. This constraint on the absence of double occupancies is of little importance in the limit of large doping. However, at small doping the constraint leads to an important renormalization of the hopping amplitude, which is included in the renormalized amplitude t used in the following discussion. Thus, the value of t depends on the doping level. The Kitaev-Heisenberg model displays a variety of interesting topological phases, which are summarized in Table I . The topological spin liquid phases are the ones discovered by Kitaev 6 . Namely, in the absence of the Zeeman field the Kitaev model is equivalent to a tightbinding model for Majorana modes on a honeycomb lattice, and therefore exhibits topological flat bands similarly as graphene. On the other hand, at finite Zeeman field the Kitaev spin liquid acquires a gap and has linearly dispersing Majorana edge modes and unpaired Majoranas at the vortices.
Already in the absence of a Zeeman field, the phasediagram of the doped Kitaev-Heisenberg model contains exotic superconducting phases. For dominating antiferromagnetic Heisenberg interaction J H > 0, one obtains a topologically non-trivial time-reversal broken d + id superconducting phase 69 belonging to class C in the classification table for topological insulators and On the other hand, a dominating ferromagnetic Kitaev interaction J K > 0 at small doping results in a time-reversal broken topologically nontrivial p-wave superconducting phase 29 . At intermediate and large doping the time-reversal symmetry is restored, and at large doping one finds a topologically nontrivial Z 2 superconducting phase, which has one pair of counterpropagating edge modes 28 . On the other hand, at intermediate doping the superconductor is trivial in the Z 2 classification 28 . Nevertheless, an even number of symmetry protected edge states appear. The global phase-diagram for the Kitaev-Heisenberg model (including different signs for J H and J K ) was recently computed in mean field theory by Okamoto 30 , and these results are supported by functional renormalization group calculations 31 .
As we show below, in the presence of a Zeeman field, the time-reversal invariant p-wave superconducting phase can be tuned into i) a time-reversal broken topologically nontrivial phase supporting chiral Majorana edge modes and unpaired Majorana zero modes in the vortices, or ii) into a nodal p-wave superconductor supporting topological flat bands on its edges. We discuss these phases in the general framework of our Ginzburg-Landau theory, but we have also numerically checked all results with the help of self-consistent mean field calculations for the KitaevHeisenberg model. These new topologically nontrivial superconducting phases are also included in Table I .
V. THE VARIOUS SUPERCONDUCTING PHASES OF THE KITAEV-HEISENBERG MODEL IN A ZEEMAN FIELD
We consider the Kitaev-Heisenberg model in the limit of intermediate and large doping, with dominating ferromagnetic Kitaev interaction. In this case, the linearized gap equations have three degenerate solutions 28 . By projecting the Hamiltonian to a single band with dispersion ξ 1,(2) = ±|t(k)| − µ, these can be written as The Ginzburg-Landau theory in the presence of a Zeeman field is described by Eq. (12), where all coefficients are now non-zero. The parameters κ A and κ B control the magnitudes and phase-differences of the η i . Since κ B > 0, the lowest energy solution in the absence of a Zeeman field is four-fold degenerate (η 1 , η 2 , η 3 ) = η 0 (1, ±1, ±1), see Ref. The parameter D 1 is typically very small, because the contributions with ±ξ in expression (13) approximately cancel each other around the Fermi surface. Therefore, we start by neglecting this term, and we only consider its effect in special cases where it becomes important for our discussion (see below). In the absence of D 1 , the analysis of the Ginzburg-Landau theory simplifies considerably, because the free-energy is always minimized by η 1 , η 2 , η 3 ∈ R. By further restricting ourselves to a Zeeman field with all b i ≥ 0, and taking into account that D B 2 > 0, we notice that η 1 , η 2 , η 3 ≥ 0. Moreover, by using the numerical observations that κ A ≈ κ B and D 
By straightforward calculation one can confirm that in the absence of Zeeman field, the minimization of Eq. (36) gives an order parameter (η 1 , η 2 , η 3 ) = η 0 (1, 1, 1) . Based on the expression (36), we expect that a Zeeman field with three nonzero components b i of comparable magnitude will choose an optimal direction in (η 1 , η 2 , η 3 )-space, so that all the components η i will remain nonzero until the Zeeman field reaches a critical value, where the superconductivity vanishes. Moreover, the superconductor is generically expected to be fully gapped. These expectations are supported by our numerical calculations. The only exceptions are the specific values of the Zeeman field where topological phase transitions take place due to a change in the Chern number (see below). Similarly, as in the case of the helical p-wave superconductor with two basis vectors consireded in section III, we find that the self-consistent changes in the order parameter are not important in the description of these topological phase transitions.
On the other hand, we may expect the self-consistent changes to become important if only two components of the Zeeman field are nonzero. To understand the effect of a Zeeman field on the superconducting order parameter in these cases, we consider a specific Zeeman field b = b(1, 0, 1)/ √ 2. In this case, it is useful to make a transformation η 1 = (η + + η − )/ √ 2 and η 3 = (η + + η − )/ √ 2, which diagonalizes the quadratic part of the free-energy Eq. (36) . After this transformation, one notices that both η + and η − have larger masses than η 2 , so that one can expect them to vanish before η 2 at sufficiently large Zeeman fields. By minimizing the resulting free-energy, we find that for
and for
Once η 1 = η 3 = 0, the chiral symmetry S 2 defined in Eq. (26) is automatically satisfied. In addition, due to the p-wave nature of the basis functions, the superconductor becomes gapless at this value of the Zeeman field, and we therefore can identify b c,ch = η 0 8κ A /D A 2 . If the Zeeman field is rotated away from the (1, 0, 1)-direction but stays in the (x, z)-plane, the masses of the eigenmodes which diagonalize the quadratic part of the free-energy become more asymmetric. In particular, when one approaches the (0, 0, 1) or (1, 0, 0) direction the mass of one of these eigenmodes approaches the mass of η 2 , and therefore we can expect that b c,ch is smallest at (1, 0, 1)-direction and becomes larger when approaching (0, 0, 1) and (1, 0, 0)-directions. By minimizing the freeenergy (36) In the extreme limit of b = b(0, 0, 1), we find
Importantly, the chiral symmetry S 2 is no longer necessarily satisfied even for b > η 0 4κ A /3D A 2 , because two of the components of the order parameter are now non-zero. However, it is possible to show that the chiral symmetry exists if the phase-difference of η 1 and η 2 is fixed to a particular value by the previously neglected D 1 -term. To understand in detail how the phase-difference depends on the strength of the Zeeman field, we now assume that η 1 = η 0 4/3e iφ1 , η 2 = η 0 4/3e iφ2 , η 3 = 0 and minimize the free-energy Eq. (12) with respect to phasedifference φ = φ 1 − φ 2 . The phase-dependent terms of the free-energy can in this case be written as
For small values of b this free-energy would be minimized by φ = 0, and by increasing b, the phase difference φ moves towards ±π/2, where the sign is determined by the sign of D 1 . For Zeeman fields b > 8κ A η 2 0 /3|D 1 |, the phase-difference becomes pinned to ±π/2. In this case, the superconductor becomes nodal and the chiral symmetry S 2 is satisfied. Because η 0 decreases with increasing |b|, this inequality will eventually be reached, but at this point the magnitude of the superconducting order parameter is already very small, because typically κ A η 0 (b = 0)/|D 1 | 1. Therefore, although the chiral symmetry always emerges for all in-plane Zeeman fields, the critical field b c,ch depends strongly on the direction.
A. Time-reversal broken topological superconductivity
In order to discuss the different fully gapped topological phases of the model, we first note that if the Zeeman field points in (1, s 2 , s 3 ) directions with s 2 , s 3 = ±1, the free energy (36) is minimized by the order parameter (η 1 , η 2 , η 3 ) = η 0 (1, s 2 , s 3 ) , i.e. each direction of the Zeeman field favors one of the degenerate solutions found in the absence of the Zeeman field. As discussed in Ref. [28] , a global spin rotation allows a transformation of the Hamiltonian into a form where d remains in (x, y)-plane. Moreover, in the transformed frame, the Zeeman field points in the z-direction, so that the fermions with different spins are decoupled. The block diagonal form of the Hamiltonian, obtained this way for the specific directions of the Zeeman field, is useful for understanding the different topological phases, similarly as in the case of the helical p-wave superconductor with two basis vectors discussed in section III.
In the absence of the Zeeman field there are two topologically distinct phases, due to a change of the Fermi surface topology with doping 28 . The topologically nontrivial Z 2 superconducting phase exists for |µ| > t (the horizontal line I in Fig. 5 ), whereas the superconductor is topologically trivial in the Z 2 classification for |µ| < t. Nevertheless, the Chern numbers C ↑ and C ↓ are nonzero also in the topologically trivial phase, and therefore an even number of edge states exists as long as the two spin blocks are decoupled. The protection of the edge states in the trivial phase is not guaranteed by time-reversal symmetry alone, but requires the existence of the microscopic symmetry which allowed to block diagonalize the Hamiltonian.
Once the Zeeman field is turned on, the time-reversal symmetry is broken and the Z 2 classification does not exist anymore. However, as long as the microscopic symmetry is valid, C ↑ and C ↓ are well-defined and allow to determine the number of the edge states. Moreover, the energy gap can close at the high-symmetry points of the Brillouin zone, allowing the Chern number C = C ↑ + C ↓ to become nonzero. Similar to the case of section III, we concentrate on the M points, because there the gap closings happen at reasonable carrier densities so that the superconducting order parameter can be large. Due to the symmetries of the honeycomb lattice, the gap closings happen simultaneously in all three M points M 1 = (0, 2π/ √ 3), M 2 = (π, π/ √ 3) and M 3 = (π, −π/ √ 3). Because |d(M i )| = 0 is automatically satisfied at these points, and since |t(M i )| = t, the gap closings take place at chemical potentials µ = ±t ± |b|. We now concentrate on the topological phase transitions taking place in the vicinity of µ ≈ −t. We find that C ↑ = 1 for µ < −t + |b| and C ↑ = −2 for µ > −t + |b|, whereas C ↓ = −1 for µ < −t − |b| and C ↓ = 2 for µ > −t − |b|. This way, we arrive at the phase-diagram shown in Fig. 5 . One important difference to the earlier case is that now the time-reversal broken topologically nontrivial phase with C = 3 (region IV in Fig. 5 ) supports unpaired Majoranas in the vortices and an odd number of chiral Majorana edge modes. Although in Fig. 5 we show the parameter space for the time-reversal broken topologically nontrivial phase only for the (1, 1, 1 ) direction, we find that this phase exists for a wide range of directions and magnitudes of the Zeeman field.
B. Majorana flat bands
We now concentrate on the nodal superconducting phases with an emergent chiral symmetry that can appear in the case of in-plane Zeeman fields. As discussed above, the magnitude of the critical field b c,ch depends on the direction of the Zeeman field, and the smallest critical field b c,ch = η 0 8κ A /D A 2 is obtained when the Zeeman field points along the (1, 0, 1) direction. Therefore, we now concentrate on this case. By using Eqs. (13), we estimate that D A 2 /κ A ≈ 2 and additionally we set η 0 = 0.05t in the following calculations. This way we obtain the Majorana flat bands shown in Fig. 6 . We emphasize that these flat bands are absent if the order parameter is not calculated self-consistently.
VI. CONCLUSIONS AND DISCUSSION
In summary, we have have developed an intuitive and reasonably general Ginzburg-Landau theory for description of the self-consistent changes of the superconducting order parameter in the presence of the Zeeman field, and we have studied the effect of a Zeeman field on fully gapped time-reversal invariant superconducting phases. By calculating the phase diagrams as a function of the strength and direction of the Zeeman field, we have shown that the time-reversal invariant helical p-wave superconducting phase can be tuned into a time reversal broken topologically nontrivial phase supporting chiral edge states, or a nodal p-wave superconductor supporting topological flat bands on its edges.
In this work, we have assumed that the superconducting order parameter is spatially homogeneous. In the absence of a Zeeman field this assumption has been confirmed with a self-consistent mean field theory for the Kitaev-Heisenberg model 70 . However, in the presence of a Zeeman field, interesting effects such as FFLO phases 71, 72 can in principle appear. Additionally we have not considered the effect of Rashba spin-orbit coupling and the possibility of a mixture of singlet and triplet superconducting order parameters, which can appear in noncentrosymmetric superconductors 73 , and may result in breaking of the chiral symmetry and appearance of unidirectional edge modes 53 . We also want to point out, that our general Ginzburg-Landau theory may be utilized also in completely different research directions such as in the identification of the order parameter of unconventional superconductors, which go beyond the scope of the present work.
